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Outline 2

GPDs −→ 3D imaging of the nucleon

twist-3 PDFs g2(x) −→ ⊥ force

↪→ twist-3 GPDs −→ ⊥ force tomography
Motivation: why twist-3 GPDs

twist-3 GPD Gq
2 −→ Lq

twist 3 PDF g2(x) −→⊥ force
twist 2 GPDs −→⊥ imaging (of quark densities)

↪→ twist 3 GPDs −→⊥ imaging of ⊥ forces

Summary

Outlook



Deeply Virtual Compton Scattering (DVCS) 3

form factor

electron hits nucleon &
nucleon remains intact

study amplitude that nucleon
remains intact as function of
momentum transfer → F (q2)

F (q2) =
∫
dxGPD(x, q2)

↪→ GPDs provide momentum
disected form factors

Compton scattering

electron hits nucleon, nucleon
remains intact & photon gets
emitted

study both energy & q2

dependence

↪→ additional information about
momentum fraction x of
active quark

↪→ generalized parton
distributions GPD(x, q2)



Physics of GPDs: 3D Imaging of the Nucleon 4

MB, PRD62, 071503 (2000)

form factors:
FT←→ ρ(~r)

GPDs(x, ~∆): form factor for quarks with momentum fraction x

↪→ suitable FT of GPDs should provide spatial distribution of
quarks with momentum fraction x

Impact Parameter Dependent Quark Distributions

q(x,b⊥) =

∫
d2∆⊥
(2π)2

GPD(x,−∆2
⊥)e−ib⊥·∆⊥

q(x,b⊥) = parton distribution as a function of the separation b⊥
from the transverse center of momentum R⊥ ≡

∑
i∈q,g r⊥,ixi

probabilistic interpretation!

no relativistic corrections: Galilean subgroup! (MB,2000)

↪→ corollary: interpretation of 2d-FT of F1(Q2) as charge density in
transverse plane also free from relativistic corrections
(MB,2003;G.A.Miller, 2007)



Impact parameter dependent quark distributions 5

unpolarized proton

q(x,b⊥) =
∫
d2∆⊥
(2π)2 H(x, 0,−∆2

⊥)e−ib⊥·∆⊥

F1(−∆2
⊥) =

∫
dxH(x, 0,−∆2

⊥)

x = momentum fraction of the quark

b⊥ relative to ⊥ center of momentum

small x: large ’meson cloud’ (→ C. Weiss)

larger x: compact ’valence core’

x→ 1: active quark becomes center of
momentum

↪→ ~b⊥ → 0 (narrow distribution) for x→ 1



From 2015 Long Range Plan for Nuclear Science 6



From 2015 Long Range Plan for Nuclear Science 7



Impact parameter dependent quark distributions 8

proton polarized in +x̂ direction

no axial symmetry!

q(x,b⊥) =

∫
d2∆⊥
(2π)2

Hq(x,−∆2
⊥)e−ib⊥·∆⊥

− 1

2M

∂

∂by

∫
d2∆⊥
(2π)2

Eq(x,−∆2
⊥)e−ib⊥·∆⊥

Physics: relevant density in DIS is
j+ ≡ j0 + j3 and left-right asymmetry
from j3

intuitive explanation

moving Dirac particle with
anomalous magnetic moment has
electric dipole moment ⊥ to ~p and ⊥
magnetic moment

↪→ γ∗ ’sees’ flavor dipole moment of
oncoming nucleon
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proton polarized in +x̂ direction

no axial symmetry!
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Impact parameter dependent quark distributions 9

proton polarized in +x̂ direction

q(x,b⊥) =

∫
d2∆⊥
(2π)2

Hq(x,−∆2
⊥)e−ib⊥·∆⊥

− 1

2M

∂

∂by

∫
d2∆⊥
(2π)2

Eq(x,−∆2
⊥)e−ib⊥·∆⊥

sign & magnitude of the average shift

model-independently related to p/n
anomalous magnetic moments:

〈bqy〉 ≡
∫
dx
∫
d2b⊥q(x,b⊥)by

= 1
2M

∫
dxEq(x, 0) =

κq

2M



Impact parameter dependent quark distributions 9

sign & magnitude of the average shift

model-independently related to p/n
anomalous magnetic moments:

〈bqy〉 ≡
∫
dx
∫
d2b⊥q(x,b⊥)by

= 1
2M

∫
dxEq(x, 0) =

κq

2M

κp = 1.913 = 2
3κ

p
u − 1

3κ
p
d + ...

u-quarks: κpu = 2κp + κn = 1.673

↪→ shift in +ŷ direction

d-quarks: κpu = 2κn + κp = −2.033

↪→ shift in −ŷ direction

〈bqy〉 = O (±0.2fm) !!!!



GPD ←→ Single Spin Asymmetries (SSA) 10

example: γp→ πX

u, d distributions in ⊥ polarized proton have left-right asymmetry
in ⊥ position space (T-even!); sign “determined” by κu & κd
attractive final state interaction (FSI) deflects active quark
towards the center of momentum

↪→ FSI translates position space distortion (before the quark is
knocked out) in +ŷ-direction into momentum asymmetry that
favors −ŷ direction→ chromodynamic lensing

⇒ κp , κn ←→ sign of SSA!!!!!!!! (MB,2004)

confirmed by Hermes & Compass data



Twist-3 PDFs −→⊥ Force on Quarks in DIS 11
d2 ↔ average ⊥ force on quark in DIS from ⊥ pol target

polarized DIS:

σLL ∝ g1 − 2Mx
ν g2 σLT ∝ gT ≡ g1 + g2

↪→ ’clean’ separation between g2 and 1
Q2 corrections to g1

g2 = gWW
2 + ḡ2 with gWW

2 (x) ≡ −g1(x) +
∫ 1

x
dy
y g1(y)

d2 ≡ 3

∫
dxx2ḡ2(x) =

1

2MP+2Sx

〈
P, S

∣∣q̄(0)γ+gF+y(0)q(0)
∣∣P, S〉

color Lorentz Force on ejected quark (MB, PRD 88 (2013) 114502)

√
2F+y = F 0y +F zy = −Ey +Bx = −

(
~E + ~v × ~B

)y
for ~v = (0, 0,−1)

matrix element defining d2 ↔ 1st integration point in QS-integral
d2 ⇒ ⊥ force ↔ QS-integral ⇒ ⊥ impulse

sign of d2

⊥ deformation of q(x,b⊥)

↪→ sign of dq2: opposite Sivers

magnitude of d2

〈F y〉 = −2M2d2 = −10GeVfm d2

|〈F y〉| � σ ≈ 1GeVfm ⇒ d2 = O(0.01)
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√
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(
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sign of d2

⊥ deformation of q(x,b⊥)

↪→ sign of dq2: opposite Sivers

magnitude of d2

〈F y〉 = −2M2d2 = −10GeVfm d2

|〈F y〉| � σ ≈ 1GeVfm ⇒ d2 = O(0.01)

consitent with experiment (JLab,SLAC), model calculations (Weiss),
and lattice QCD calculations (Göckeler et al., 2005)



Twist-3 PDFs −→⊥ Force on Quarks in DIS 12

chirally even spin-dependent twist-3 PDF g2(x) MB, PRD 88 (2013) 114502∫
dxx2g2(x)⇒⊥ force on unpolarized quark in ⊥ polarized target

↪→ ‘Sivers force’

scalar twist-3 PDF e(x) MB, PRD 88 (2013) 114502∫
dxx2e(x)⇒⊥ force on ⊥ polarized quark in unpolarized target

↪→ ‘Boer-Mulders force’

chirally odd spin-dependent twist-3 PDF h2(x)
M.Abdallah & MB, PRD94 (2016) 094040∫

dxx2h2(x) = 0

↪→ ⊥ force on ⊥ pol. quark in long. pol. target vanishes due to
parity∫
dxx3h2(x)⇒ long. gradient of ⊥ force on ⊥ polarized quark in

long. polarized target

↪→ chirally odd ‘wormgear force’

force distributions F.Aslan & MB: work in progress

use FT of twist-3 GPDs to map these forces in the ⊥ plane



digression: The Nucleon Spin Pizzas 13

Ji decomposition

1
2 =

∑
q

(
1
2∆q + Lq

)
+ Jg

~Lq= ~r ×
(
~p− g ~A

)
manifestly gauge inv. & local

DVCS −→ GPDs −→ Lq

Jaffe-Manohar decomposition

1
2 =

∑
q

(
1
2∆q + Lq

)
+ ∆G+ Lg

~Lq= ~r × ~p
manifestly gauge inv. → nonlocal
→
p
←
p −→ ∆G −→ L ≡

∑
i∈q,g Li

How large is difference Lq − Lq in QCD and what does it represent?



digression: Quark Orbital Angular Momentum 14
Ji

1
2 =

∑
q

1
2∆q + Lq + Jg

Lq = ~r ×
(
~p− g ~A

)
Jaffe-Manohar

1
2 =

∑
q

1
2∆q + Lq + ∆G+ Lg

~Lq = ~r × ~p

difference Lq − Lq (MB, PRD 88 (2013) 014014)

Lq − Lq = ∆LqFSI = change in OAM as quark leaves nucleon

example: torque in magnetic dipole field



digression: Quark OAM - sign of Lq − Lq 15

difference Lq − Lq

LqJM − L
q
Ji = ∆LqFSI = change in OAM as quark leaves nucleon

LqJM − L
q
Ji = −g

∫
d3x〈P,S|q̄(~x)γ+

[
~x×
∫∞
x−
dr−F+⊥(r−,x⊥)

]z
q(~x)|P,S〉

e+ moving through dipole field of e−

consider e− polarized in +ẑ
direction

↪→ ~µ in −ẑ direction (Figure)

e+ moves in −ẑ direction

↪→ net torque negative

sign of Lq − Lq in QCD

color electric force between two q
in nucleon attractive

↪→ same as in positronium

spectator spins positively
correlated with nucleon spin

↪→ expect Lq − Lq < 0 in nucleon
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difference Lq − Lq
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∫∞
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e+ moves in −ẑ direction
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sign of Lq − Lq in QCD

color electric force between two q
in nucleon attractive

↪→ same as in positronium

spectator spins positively
correlated with nucleon spin

↪→ expect Lq − Lq < 0 in nucleon

lattice QCD (M.Engelhardt)

Lstaple vs. staple length

↪→ LqJi for length = 0

↪→ LqJM for length →∞

shown Lustaple − Ldstaple
similar result for each ∆LqFSI



Transverse Force omography F.Aslan & MB: work in progress 16

twist-3 GPDs (Meissner, Metz, Schlegel) – example Γ = γxγ5∫
dz−eixz

−p̄+〈P ′|q̄(z−/2)γxγ5q(−z−/2)|p〉 =
−i

2 (P+)
2 ×

ū(p′)

[
iσ+yH ′2T +

γ+∆i−∆+γy

2M
E′2T +

P+∆y−∆+P y

M2
H̃ ′2T +

γ+P y− P+γy

2M
Ẽ′2T

]
u(p)

H ′2T (x, ξ, t) etc. all twist 3 GPDs

similar for γ = 1, γ5, γ⊥, σijγ5, σ+−γ5 (16 GPDs)

physics of twist-3 GPDs

x2-moment ⇒ 〈p′|q̄(0)γxγ5

↔
D

2

− q(0)|p〉  〈p′|q̄(0)γ+F+yq(0)|p〉 +
twist-2

↪→ x2-moment of twist-3 GPDs  matrix elements of ’force operator’ q̄γ+F+yq

↪→ ⊥ momentum transfer  spatial resolution

↪→ transverse force tomography (⊥ vectorfields of ⊥ forces)

Γ = γxγ5: force in ŷ direction for unpolarized quarks



Transverse Force Tomography F.Aslan & MB: work in progress 17

⊥ localized state

|R⊥ = 0, p+,Λ〉 ≡ N
∫
d2p⊥|p⊥, p+,Λ〉

unpolarized quarks

F iλ′Λ(b⊥) ≡ 〈R⊥ = 0, p+,Λ|q̄(b⊥)γ+gF+i(b⊥)q(b⊥)|R⊥ = 0, p+,Λ〉

= |N |2
∫
d2p⊥

∫
d2p′⊥〈p⊥, p+,Λ|q̄(0)γ+gF+i(0)q(0)|p⊥, p+,Λ〉eib⊥·(p⊥−p′⊥)

↪→ determine using x2 moments of twist-3 GPDs

polarized quarks γ+ −→ γ+γ5, iσ
+⊥



Transverse Force Tomography F.Aslan & MB: work in progress 18

twist-3 GPDs (Meissner, Metz, Schlegel) – example Γ = γ⊥γ5

ū(p′)

[
iσ+yH ′2T +

γ+∆i−∆+γy

2M
E′2T +

P+∆y−∆+P y

M2
H̃ ′2T +

γ+P y− P+γy

2M
Ẽ′2T

]
u(p)

physics of twist-3 GPDs: transverse force tomography

x2-moment ⇒ 〈p′|q̄(0)γjγ5

↔
D

2

− q(0)|p〉  〈p′|q̄(0)γ+F+iq(0)|p〉 + twist-2

What can we learn from

〈p′|q̄(0)γ+F+iq(0)|p〉 ↔

ū(p′)

[
iσ+yH ′2T +

γ+∆y−∆+γy

2M
E′2T +

P+∆y−∆+P y

M2
H̃ ′2T +

γ+P y− P+γy

2M
Ẽ′2T

]
u(p)

l.h.s.

similar to twist-2, impact
parameter interpretation only
for ∆+ = 0

Dirac matrix γ+

↪→ no sensitivity to quark pol.

contains F+y

↪→ color Lorentz force in
ŷ-direction

force on unpolarized quarks in
ŷ-direction

r.h.s.

different terms depend on
nucleon polarization

↪→ requires more detailed
analysis...



Transverse Force Tomography F.Aslan & MB: work in progress 19

physics of twist-3 GPDs: transverse force tomography

〈p′|q̄(0)γ+F+iq(0)|p〉 ↔ x2moment of twist-2 part of

ū(p′)

[
iσ+yH ′2T +

γ+∆y

2M
E′2T +

P+∆y

M2
H̃ ′2T −

P+γy

2M
Ẽ′2T

]
u(p)

iσ+yH ′2T

nucleon polarized in x̂ direction

magnitude axially symmetric

force in ŷ direction

↪→ forward limit: Sivers ⇒ H ′2T ⊥ position dependece of Sivers

unpolarized target

contributing terms: E′2T & H̃ ′2T
Gordon identity: 2P+ −→ 2Mγ+ + iσ+j∆j

↪→ unpolarized target: γ+

2M∆y
(
E′2T + 2H̃ ′2T

)
↪→ ⊥ force on unpolarized quarks in unpolarized target described by
⊥ gradient of FT of E′2T + 2H̃ ′2T



Transverse Force Tomography F.Aslan & MB: work in progress 19

physics of twist-3 GPDs: transverse force tomography

〈p′|q̄(0)γ+F+iq(0)|p〉 ↔ x2moment of twist-2 part of

ū(p′)

[
iσ+yH ′2T +

γ+∆y

2M
E′2T +

P+∆y

M2
H̃ ′2T −

P+γy

2M
Ẽ′2T

]
u(p)

unpolarized target

contributing terms: E′2T & H̃ ′2T
Gordon identity: 2P+ −→ 2Mγ+ + iσ+j∆j

↪→ unpolarized target: γ+

2M∆y
(
E′2T + 2H̃ ′2T

)
↪→ ⊥ force on unpolarized quarks in unpolarized target described by
⊥ gradient of FT of E′2T + 2H̃ ′2T

H̃ ′2T

additional ∆y σ+j∆j

2M2 H̃ ′2T from Gordon identity

↪→ ∇y
(
~S⊥ × ~∇⊥

)
FT
[
H̃ ′2T

]
force
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physics of twist-3 GPDs: transverse force tomography

〈p′|q̄(0)γ+F+iq(0)|p〉 ↔ x2moment of twist-2 part of

ū(p′)
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iσ+yH ′2T +

γ+∆y

2M
E′2T +

P+∆y

M2
H̃ ′2T −

P+γy

2M
Ẽ′2T

]
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H̃ ′2T

additional ∆y σ+j∆j

2M2 H̃ ′2T from Gordon identity

↪→ ∇y
(
~S⊥ × ~∇⊥

)
FT
[
H̃ ′2T

]
force

Ẽ′2T

Gordon: σyx∆x −→ Sz∇xFT
[
Ẽ′2T

]
↪→ ’wormgear’ force (g1L)



Transverse Force Tomography F.Aslan & MB: work in progress 19

physics of twist-3 GPDs: transverse force tomography

〈p′|q̄(0)γ+F+iq(0)|p〉 ↔ x2moment of twist-2 part of

ū(p′)

[
iσ+yH ′2T +

γ+∆y

2M
E′2T +
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M2
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Ẽ′2T

]
u(p)

H̃ ′2T
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2M2 H̃ ′2T from Gordon identity

↪→ ∇y
(
~S⊥ × ~∇⊥

)
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]
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Ẽ′2T

Gordon: σyx∆x −→ Sz∇xFT
[
Ẽ′2T

]
↪→ ’wormgear’ force (g1L)

sigimer for γ⊥γ5 −→ γ⊥,1, ...

x2 moment of each twist-3 GPD (after subtracting WW and
other twist-2) yields femtoimage of force



ADV CS
?
 GPDs

interesting GPD physics:

Jq =
∫ 1

0
dxx [H(x, ξ, 0) + E(x, ξ, 0)]

requires GPDs(x, ξ, 0) for (common)
fixed ξ for all x

⊥ imagingrequires GPDs(x, ξ = 0,t)

ξ longitudinal momentum transfer on the target ξ = p+′−p+
p+′+p+

x (average) momentum fraction of the active quark x = k+′+p+

p+′+p+

=ADV CS(ξ, t) −→ GPD(ξ, ξ, t)

only sensitive to ‘diagonal’ x = ξ

limited ξ range

<ADV CS(ξ, t) −→
∫ 1

−1
dxGPD(x,ξ,t)

x−ξ

limited ξ range

most sensitive to x ≈ ξ
some sensitivity to x 6= ξ, but

Polynomiality/Dispersion Relations (GPV/AT DI)

<A(ξ, t,Q2) =

∫ 1

−1

dx
H(x, ξ, t, Q2)

x− ξ
=

∫ 1

−1

dx
H(x, x, t,Q2)

x− ξ
+ ∆(t, Q2)



ADV CS
?
 GPDs

interesting GPD physics:

Jq =
∫ 1

0
dxx [H(x, ξ, 0) + E(x, ξ, 0)]

requires GPDs(x, ξ, 0) for (common)
fixed ξ for all x

⊥ imagingrequires GPDs(x, ξ = 0,t)

=ADV CS(ξ, t) −→ GPD(ξ, ξ, t) <ADV CS(ξ, t) −→
∫ 1

−1
dxGPD(x,ξ,t)

x−ξ

Polynomiality/Dispersion Relations (GPV/AT DI)

<A(ξ, t,Q2) =

∫ 1

−1

dx
H(x, ξ, t, Q2)

x− ξ
=

∫ 1

−1

dx
H(x, x, t,Q2)

x− ξ
+ ∆(t, Q2)

Can ’condense’ all information contained in contained in ADV CS
(fixed Q2) into GPD(x, x, t,Q2) & ∆(t, Q2)

if two models both satisfy polynomiality and are equal for x = ξ
(but not for x 6= ξ) and have same ∆(t, Q2) then DVCS at fixed
Q2 cannot distinguish between the two models



ADV CS
?
 GPDs

Polynomiality/Dispersion Relations (GPV/AT DI)

<A(ξ, t,Q2) =

∫ 1

−1

dx
H(x, ξ, t, Q2)

x− ξ
=

∫ 1

−1

dx
H(x, x, t,Q2)

x− ξ
+ ∆(t, Q2)

Can ’condense’ all information contained in contained in ADV CS
(fixed Q2) into GPD(x, x, t,Q2) & ∆(t, Q2)

if two models both satisfy polynomiality and are equal for x = ξ
(but not for x 6= ξ) and have same ∆(t, Q2) then DVCS at fixed
Q2 cannot distinguish between the two models

need Evolution!

Q2 evolution changes x distribution in a known way for fixed ξ

↪→ measure Q2 dependence to disentangle x vs. ξ dependence

↪→ EIC (→ PARTONS)



Summary 22

GPDs
FT−→ q(x,b⊥) ’3d imaging’

x2 moment of twist-3 PDFs → force

x2 moment of twist-3 GPDs

↪→ q̄γ+F+⊥Γq distribution

↪→ ⊥ force tomography
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